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The development of a computational model (BOAT) for calculating near-field jet entrainment, and its ap-
plication to the prediction of nozzle boattail pressures, is discussed. BOAT accounts for the detailed turbulence
and thermochemical processes occurring in the near-field shear layers of exhaust plumes, while interfacing with
the inviscid exhaust and external flowfield regions in an overlaid, interactive manner. The ability of the model to
analyze basic free shear flows is assessed by detailed comparisons with fundamental laboratory data. The
overlaid methodology and the entrainment correction employed to yield effective plume boundary conditions
are assessed via application of BOAT in conjunction with the codes comprising the NASA/LRC patched
viscous/inviscid model for determining nozzle boattail drag for subsonic/transonic external flows. Comparisons
between the predictions and data on underexpanded laboratory cold airjets are presented.

Nomenclature
afterbody (pressure) drag coefficient
afterbody pressure coefficient ,

D)j8 =

cp = specific heat
Ff = Xi/W
HI = enthalpy of /th species
k — turbulent kinetic energy
/ = length scale for Prandtl mixing length model
Le = turbulent Lewis number
M = Mach number
p = pressure
P = turbulence production
Pr - turbulent Prandtl number
r = radial distance from axis
reff = radial distance to effective inviscid boundary
TJ = nozzle exit radius
T = static temperature
u = axial velocity
v = radial velocity
Vj = injection velocity
Wj = net rate of production of the /th species
x = axial distance
Xi = mole fraction of /th species
7 = ratio of specific heats
d = boundary-layer or mixing layer thickness
6* = displacement thickness
e = turbulent dissipation rate

Received July 5, 1978; presented as Paper 78-1189 at the AIAA 11th
Fluid and Plasma Dynamics Conference, Seattle, Wash., July 10-12,
1978; revision received April 2, 1979. Copyright © American Institute
of Aeronautics and Astronautics, Inc., 1978. All rights reserved.
Reprints of this article may be ordered from AIAA Special
Publications, 1290 Avenue of the Americas, New York, N.Y. 10019.
Order by Article No. at top of page. Member price $2.00 each,
nonmember, $3.00 each. Remittance must accompany order.

Index categories: Jets, Wakes, and Viscous/Inviscid Flow In-
teractions; Computational Methods.

*Consultant. Member AIAA.
tAerospace Engineer.
(Senior Consultant.

Hi = turbulent viscosity
p = density
a = shear layer spreading parameter
do = spreading parameter for u21Uj = 0
vk = Prandtl number of turbulent kinetic energy
a€ = Prandtl number for turbulent dissipation
\l/ = stream function

Subscripts
e,E = external flow
/ = /th species
/ = inner stream
j9J = exhaust flow
1 — inner mixing layer boundary
2 = outer mixing layer boundary

Introduction

THE accurate prediction of nozzle afterbody drag requires
a detailed description of the coupled viscous/inviscid

flow processes occurring along the nozzle afterbody and in the
near-field mixing layer growing along the plume interface,
which separates the supersonic nozzle exhaust and sub-
sonic/transonic external airstreams (Fig. 1). While analyses
based upon solving the turbulent Navier-Stokes equations can
provide a description of this complex flowfield, the widely
disparate length scales and flow characteristics in the various
regions involved lead to rather prohibitive computer time
requirements in achieving results of adequate resolution. A
more efficient procedure is that provided by a "patched"
viscous/inviscid methodology, where each region is separately
analyzed by computational procedures specifically catered to
the flow processes and length scales occurring within that
region. The overall flowfield solution is arrived at by patching
these regional solutions together in an iterative manner. Such
a patched methodology has been implemented at
NASA/LRC1'3 for subsonic/transonic external flows. For
nonseparated afterbody flows, the LRC system included the
relaxation procedure of South and Jameson4 for analyzing
the inviscid subsonic/transonic external flow, the supersonic
exhaust plume model of Salas,5 and an extended version of
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Fig. 1 Schematic of afterbody/jet exhaust flowfield.

the Reshotko-Tucker6 turbulent boundary-layer integral
method. In calculating afterbody pressures with the LRC
system, the inviscid plume interface was treated as a solid
surface. This procedure yielded results that substantially
underpredicted the afterbody drag, because the effect of jet
entrainment due to mixing processes along the interface was
not accounted for. This paper presents a computational
model (BOAT) which predicts near-field jet entrainment
within the framework of the patched LRC system.

The computational parabolic mixing model, BOAT,
contains the following features:

1) It analyzes mixing and thermochemical processes in the
curved shear layer growing along the plume interface.

2) It accounts for the nonsimilar mixing associated with
initial boundary layers by the inclusion of detailed turbulence
model formulations and by a computational grid providing
adequate resolution in the low-velocity, mass defect region.

3) It interfaces with the inviscid supersonic exhaust and
subsonic/transonic external streams in an overlaid manner
accounting for variable pressure gradients and edge con-
ditions in the mixing region.

Previous models for predicting jet entrainment7'8 have been
overly simplistic in their treatment of these processes.

In developing BOAT, the best features of several current
mixing/afterburning models were combined to achieve rather
unique computational capabilities. In this respect, BOAT
employs: 1) the same generalized treatment of ther-
mochemical processes and implicit/explicit streamline in-
tegration procedure used in the LAPP code9 (the JANNAF
standarized model for analyzing mixing/afterburning
processes in low-altitude rocket exhaust plumes§); 2) the same
type of shear layer discretization, grid distribution, and
computational boundary growth rules used in the GENMIX10

code; and 3) the same type of overlaid procedure for
describing variable edge conditions and pressure gradients as
used in the GASL system11 for the analysis of inviscid/shock
and mixing/afterburning processes in rocket exhaust plumes.
These features will be discussed in subsequent sections. A
more detailed discussion of various computational aspects of
BOAT is presented in Ref. 12, while a description of the
computer code is provided in Ref. 13.

Inclusion of Jet Entrainment Effects in a
Patched Viscous/Inviscid Flowfield Model

Overview
When the analysis of the afterbody/exhaust flow is per-

formed via a patched methodology, the separate influences of
various processes can be isolated, and their contribution in
establishing afterbody pressures can be assessed individually.
In this context, the specific contribution of jet entrainment

can be isolated by performing the external subsonic/transonic
flowfield calculation with the inviscid plume interface treated
as a solid boundary. Any resulting disagreement between
measured and predicted pressure levels can then be attributed
largely to the specific neglect of jet entrainment. Such an
approach was pursued by Putnam and Abeyounis,2 who
reported a substantial underprediction of boattail drag in
analyzing laboratory cold airjet data via the NASA/LRC
patched methodology, neglecting jet entrainment. Com-
parisons of boattail drag measurements for cold airjets with
those for solid plume simulators2 have confirmed this find-
ing. Such analytical and experimental observations
established the clear-cut requirement for incorporating the
effects of jet entrainment into the NASA/LRC methodology.
This involves predicting the interactive coupling between the
viscous and inviscid flow processes in the exhaust plume near-
field. In particular, the rate of entrainment, which is directly
relatable to be the mixing rate along the curved plume in-
terface, is influenced by the nonuniform inviscid structure in
the exhaust plume and external streams, while the inviscid
structure is influenced by the streamline deflections induced in
the entrainment process. A systematic means of modeling the
interactive phenomena is thus required which incorporates the
dominant physical processes in a realistic manner.

This overall objective has been met by the introduction of
two relatively new concepts, namely: 1) the use of an
"overlaid" procedure for calculating mixing processes along
a curved plume interface with variable pressure gradients and
edge conditions taken into account, and 2) the determination
of a displacement thickness type of correction to the inviscid
plume interface to account for the effects of jet entrainment.

Overlaid Concept
The overlaid concept is a direct extension of classical

boundary-layer methodology to the analysis of axisymmetric
shear layers. In boundary-layer theory, the inviscid flow
pattern is first calculated followed by a boundary-layer
calculation with edge conditions and pressure gradients set by
the inviscid flow pattern. In the direct extension of this ap-
proach to near-field axisymmetric shear layers, the inviscid
exhaust plume and external flow patterns are first determined
and the shear-layer calculation is then initiated along the
inviscid plume interface (see Fig. 2). Local edge conditions
and pressure gradients are set in accordance with the
calculated inviscid flow pattern and the rate of growth of the
shear layer. This approach closely follows the methodology
introduced in the patched viscous/inviscid system developed
at GASL for the analysis of rocket exhaust plume
flowfields.11 An assessment of this approach for rocket
plume calculations is given in the survey paper of Ref. 15.

Effective Plume Geometry Concept
The mechanism for modifying the inviscid plume geometry

to account for jet entrainment is a direct extension of the weak
interaction approach in standard boundary-layer (BL) theory.
In BL theory, the solid wall shape is modified so that the
"new" effective wall shape induces streamline deflections in
the inviscid solution compatible with the viscous flow pattern.
A standard modification involves applying an injection
velocity boundary condition v ( x ) along the solid wall shape,
or, equivalently, adding a displacement thickness 6* (x) to the
solid wall shape (Fig. 3). For compressible boundary layers
over curved surfaces (with <5* small in comparison to the
transverse extent of the body), the relationship between v and
6* is given by:

pv= — (peued*) (1)

§A new JANNAF standarized plume model,14 now under
development at Aeronautical Research Associates of Princeton,
contains an extended version of BOAT as a component part.

where x is measured along the body surface, p is the surface
density, and 6* is given by the standard formulation.
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In extending this concept to near-field jet mixing, we seek
an "effective" plume geometry that will induce streamline
deflections in the inviscid external flow solution compatible
with those determined in the overlaid mixing calculation.
Specifically, the inviscid boundary condition sought must
reproduce the entrainment velocity variation ve (x) at the
position of the outer shear-layer edge (Fig. 3).

For subsonic/transonic afterbody flows presently under
consideration, the degree of underexpansion at the nozzle exit
is moderate, while the external boundary-layer thickness is
quite substantial (Fig. 4). Here, significant negative
streamline deflections are induced by the mixing away of the
low-velocity, mass defect region of the external boundary
layer. These streamline deflections are comparable in
magnitude to those induced in the external stream by the
inviscid plume geometry (i.e., by the "blockage effect" due to
plume underexpansion). The specific methodology used to

determine the effective plume geometry for this class of
problems is discussed below.

Procedure for Determining Effective Plume Geometry and Afterbody
Pressures

1) A converged solution of the exhaust/external flowfield
is obtained using the NASA/LRC patched methodology
neglecting entrainment. This yields inviscid flowfield maps
for the subsequent overlaid mixing calculation.

2) The overlaid mixing of the exhaust/external streams
along the plume interface is performed, initialized by a profile
containing the external boundary layer. In view of the modest
degree of underexpansion, the mixing analysis is performed in
standard cylindrical coordinates.t This yields the jet en-
trainment velocity distribution ve (x) along the outer
boundary of the mixing region (Fig. 4), which includes
contributions from both viscous (mixing) and inviscid
(blockage) processes.

3) An injection velocity distribution Vj (x) for the inviscid
external subsonic/transonic flow is defined along the
cylindrical surface r—Tj (Fig. 4). If the mixing layer thickness
was small in comparison with rjt the ve (x) distribution would
serve this purpose. For the thick mixing layers under con-
sideration, Vj (x) is obtained from ve (x) via the relation:

, , p e ( x ) r e ( x )Vj(x)=—————ve(x)
pjrj

(2)

4) An effective displacement thickness distribution, 6* ( x ) ,
is determined from the relation

dx dx (3)

with the integration initiated at the nozzle exit plane, where 6*
is the displacement thickness of the external boundary layer.
The pressure gradient term, d&i£eite/dx, in the preceding
relation has been found to provide negligible contributions to
the d* distribution for cases studied to date, and has not been
retained in the calculations reported herein.

5) The effective plume geometry is obtained by adding the
6* distribution to the cylindrical surface r=rj. It has been
demonstrated12'16 that in solving the inviscid external
flowfield over this effective geometry, the ve (x) solution is
accurately reproduced. It has also been established that use of
the injection boundary condition, Vj(x), along the cylinder
r=rj will also reproduce the ve (x) distribution.

UPlume-oriented boundary-layer coordinates would be required for
highly underexpanded plumes—see Ref. 12, 14 or 15.
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6) A revised pressure distribution along the nozzle af-
terbody is determined by performing the inviscid sub-
sonic/transonic flow calculation over the effective geometry
comprised of the afterbody/cylinder combination plus the
added 5* (x) distribution.

For the preliminary calculations presented herein, no
further iterations were performed. In the extension of this
work16; however, further iterations were performed which
required successive inviscid exhaust plume, external flow, and
overlaid mixing calculations until full convergence was
achieved.

Computational Procedures in the BOAT Code

Governing Equations**
BOAT solves the parabolic jet mixing equations in trans-

formed (x,^) coordinates. The resultant system of equations
is now listed and includes equations for the turbulent kinetic
energy k and dissipation e, as required in the two-equation
turbulence model option.

Axial momentum:

du 1 dp 1 dx / du \__ _ _ _ ^ _j_ _ __ /^4 __ J
dx u dx \I/ d\!/ \ d\I/ /

Energy:

dT
p dx pu

_ A

(4)

dT

dx

Species continuity:

dx \l/ d\l/ V Pr d\l/ ' pu

Turbulent kinetic energy:

dx

Turbulent dissipation:

where

>-0

_ _ _ _ _= + ( /P~

(5)

(6)

(7)

(8)

pur ~Au

and the transformation from (x,r) to (x,\//) coordinates is
given by:

dr
=pur,

dx
= -pvr (9)

The jet entrainment velocity ve (x) is determined by in-
version of the stream function transformation [Eq. (9)] at
each axial station, assuming that v along the inner boundary is
given by the inviscid solution.

**In extensions of BOAT to systems with significant chemical
reactions, the total enthalpy is used as the dependent variable in
solving the energy equation (see Ref. 14).
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Fig. 5 Computational network in BOAT.

Computational Domain
Referring to Fig. 5, BOAT discretizes the mixing region,

spanning the computational domain between ^, (x) and
\l/2 (x) with a fixed number of grid intervals equally spaced in
A^. This is analogous to the approach employed in GEN-
MIX.10 However, while GENMIX integrates the flowfield
equations along the lines co = const [co= (\l/ — \l/}) / ($2 — $1) ],
BOAT performs the integration along the actual streamlines.
This is accomplished by extending the initial array (at both
ends) to accommodate the growth of the shear layer "com-
putationally" in the next integration step (see lower half of
Fig. 5) and redistributing the grid points in equal increments
of A\l/=[\l/2(x+ Ax)-\l/!(x + Ax)]/M, where M is the
constant number of grid increments. For optimal efficiency,
the redistribution is done at the stage in the program where
the calculated arrays are reset into the initial arrays.

The growth of the computational boundaries, \l/Ii2 (*)» is
given by rules related to the local-edge gradients analogous to
those introduced in GENMIX.10 These rules differ with the
turbulence model formulation (see Ref. 12), and must be such
that the computational mixing boundaries grow fast enough
to encompass the physical mixing region. It should be stressed
that these growth rules serve only to confine the com-
putational domain to span the region of actual mixing (for
numerical efficiency) and do not influence physical mixing
rates and the rate of entrainment.

Integration Procedure
The governing parabolic flowfield equations are integrated

along streamlines employing the same mixed implicit/explicit
formulation used in LAPP.9 Of particular interest is the
implicit treatment of the production term in the species
continuity equation. The finite-difference expression for Eq.
(6) (see Fig. 5) is written:

Ax d ___ ^4 __L J | \Wi'K+l>I
Pr d\!/ f * i ( o u } ! / ,KJ

(10)

where standard central difference expressions are used to
evaluate the first and second derivatives. The species mole
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fractions at station K +1,1 are determined by linearizing the
source terms ( w / J ^ + y , / , utilizing the appropriate chemical
rate expression. The complete set of linearized equations for
all species, ( F / J ^ + y , are then solved via matrix inversion
techniques. The energy, momentum, and turbulence
equations are solved by a fully explicit procedure. Reference
12 gives more details on the integration procedures utilized.

The maximum allowable marching step, AJC, must satisfy
explicit parabolic stability considerations. The chemistry
terms impose no stability limitation on the step size due to
their implicit formulation. However, to insure an accurate
description of chemical processes when the chemistry is
"fast" (i.e., when one or more reactions are near
equilibrium), a maximum allowable temperature change
ATmax (input to the code) is permitted along a streamline in a
single integration step. Should the temperature change exceed
this value, the step size is repeatedly halved until the tem-
perature change is less than ATmax.

BOAT treats the thermodynamic propeties and chemical
kinetic rate expressions in a similar manner to that employed
in the LAPP code.9 Thermodynamic data are taken directly
from the JANNAF tables,17 while generalized reaction types
and rate coefficient expressions are available as part of the
input data, enabling the computation of the species
production rates (w / ) . This approach is sufficiently broad-
based to permit analyzing most chemical systems of practical
interest. In practice, users would build a "library" of ther-
modynamic and rate data and package it for various chemical
systems on permanent files in a form compatible for direct
input into BOAT. Applications of BOAT to chemically
reacting flows are reported in Refs. 16 and 18.

Overlaid Procedure
In this procedure, detailed inviscid exhaust/external flow

solutions are supplied to BOAT via arrays of u ( r ) , p ( r ) , and
T(r) at arbitrary axial stations. BOAT processes these data
(see Ref. 12 for details) yielding orderly vector arrays of the
form Vfet (xf,uj) and ^^(Jr/dS/), where VK — (r,utTtp) in
mapped stream-function (x,co) coordinates, which eliminates
the need for inviscid map-searching procedures. Referring to
Fig. 2, at a given station x, the value of \l/j at the lower
boundary is known and we desire edge conditions («/, Tj) and
the radial location ( r } ) consistent with the inviscid exhaust
plume solution. Forming o) = \l/J/\^-]ett these properties are
readily obtained from the Kjet array. Similarly, knowing the
value of \l/2 at the upper boundary, upper edge properties are
determined. The mismatch in the radial position r2 between
the mapped arrays and that obtained via inversion of Eq. (9),
is reflective of the mass deficit/excess in the shear layer in
comparison with the inviscid flow solutions. The variable
pressure gradients across the shear layer are directly obtained
from the mapped arrays, i.e., px(x,i//) = [ V 4 (xI+I,<*))
- V4 (Xf,u)]/(xI+J -Xf) whereXf<x<x/+] and co = ̂ /^jet
for each individual streamline \l/.

Turbulence Model Description and Applications
to Simple Free Shear Layer Flows

Mixing Length (ML) Model
In the extended ML model employed in BOAT, the tur-

bulent viscosity /*,, at all interior points, is given by the ex-

pression

and on the axis by

du

d2U

dy2

(lla)

(lib)

where the mixing length / is linearly related to the charac-
teristic thickness d of the mixing region (i.e., l/d = const). The
definitions of d are shown in Fig. 6. The ratio of l/d employed
is 0.065 until the mixing reaches the axis and 0.080 down-
stream of this position.

Two-Equation Model
In the ke2 model, the turbulent viscosity is given by:

(12)

where CM and the constants C/, C2, ak, and ae have been
extracted directly from Ref. 19. As in the ML model, the
constants differ for near-field (two-dimensional) and far-field
(axisymmetric) situations.

Simple Two-Dimensional Shear Layers
A fundamental check of the code/turbulence model

combination has been obtained by analyzing spread rates and
velocity and shear stress profiles for incompressible shear
layers formed between two moving streams. Spread rates are
generally defined in terms of the spreading parameter a,

1.85 5 Ax
-y 0.9) (13)

where A(y0j -y0.g) is the change in the effective shear layer
width over the distance Ax. The effective width is defined as
the distance between the points where the nondimensional
velocity ratio u= (u-u2}l(ul -u2) =0.1 and 0.9. Results
obtained from BOAT using both the ML and ke2 turbulence
models are compared with spread rates from various in-
vestigators in Fig. 7. The data were compiled and reviewed by
Rodi,20 with the relatively large spread in the data being
attributed to varying turbulence levels in the freestreams. The
higher values of a (smaller spread rates) correspond to the
smaller freestream turbulence levels. Since the shear layer
boundary conditions in BOAT assume zero freestream tur-
bulence, the predictions should match these higher values.
Figure 7 shows that both the ke2 and ML model (with
l/d = 0.065) predictions are in good agreement with these data.
In terms of profile shapes, both the ke2 and ML models
adequately predict both the velocity and turbulent shear stress
profiles, as illustrated in Fig. 8.

Shear Layer Formed from Initial Boundary Layers
Of particular interest for the present jet entrainment

problem is the ability to accurately analyze the nonsimilar
mixing region associated with a shear layer formed from
initial boundary layers. Detailed data for such a situation

Fig. 6 Length scales in Prandtl mixing length
model.
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Fig. 8 Comparison between predicted and measured velocity and
shear stress profiles for two-dimensional shear layers.

have been provided by Lee21 and comprise test case 4 of the
NASA Free Shear Flow Conference.22

In Fig. 9, the predicted velocity profiles obtained with
BOAT, employing both the ML (with //6 = 0.065 and the
multiple length scale provision shown in Fig. 6) and ke2
models, are compared with the Lee data at 12.7 cm, as well as

.8
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a BOAT
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Fig. 9 Comparison between predicted and measured velocity profiles
for two-dimensional shear layer with initial boundary layers.
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Fig. 10 Comparison between predicted and measured shear stress
profiles for two-dimensional shear layer with initial boundary layers.

-4 0 4 8 -8 -4 0 4 8 12

Fig. 11 Comparison between predicted and measured velocity
profiles for two-dimensional shear layer with initial boundary layers.

with ML and ke2 predictions by Launder et al.19 and ML
predictions by Rudy and Bushnell.23 The BOAT ML
predictions and both ke2 predictions fit the data quite well.
The ML predictions of both Launder and Rudy do not pick up
the velocity-defect region at all. Similar trends regarding the
predictive capability of each model are observed in Fig. 10,
which compares predicted and measured shear stress profiles.
Proceeding downstream to x = 16 cm (Fig. 11), where the
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Fig. 12 Comparison between effective boundary calculated by
BOAT and effective solid plume boundary for fully expanded and
underexpanded jet mixing, Me =0.40, kc2 turbulence model.

mixing takes on a simple shear layer type of behavior, the
BOAT ML predictions are quite good in contrast to the
predictions of the ML models in the other two codes. The
BOAT ke2 predictions are also quite good, while those in the
GENMIX code are somewhat poorer.

Comparisons between Interactive Model
Predictions and Experimental Data

Preliminary results have been obtained for one of the
boattail nozzle configurations tested with cold airjets by
Reubush.24 Experimental boattail surface pressures are
presented24 for various freestream Mach numbers and jet
total pressure ratios (Ptj/Pe). BOAT calculations were
performed for a fully expanded (Ptj/Pe =2) and a modestly
underexpanded (PtJ/Pe = 3) jet with a nominal velocity ratio,
u2/Uj, of about 0.5, and freestream Mach number of 0.4.
Initial external boundary layers at the end of the boattail were
quite thick in both cases.

Effective Plume Boundaries
The effective boundaries downstream of the nozzle exit for

the two cases investigated are shown in Fig. 12 (x/rj=0
corresponds to the end of the boattail, which is also the nozzle
exit). Also shown are the inviscid plume interfaces and the
effective solid plume boundaries obtained by treating the
inviscid plume interface as a solid body to which is added the
calculated boundary-layer displacement thickness. This latter
boundary has previously been used to predict jet plume
blockage effects without considering entrainment.2 The
important observation here is that when the effects of en-
trainment are considered, the effective plume boundary is
substantially reduced in size, primarily because the mass
deficit, associated with the initial boundary layers, mixes
away rather rapidly. Thus, treating the inviscid plume as a
solid boundary is quite unrealistic. Since jet aircraft nozzles
are generally located in regions of thick boundary layers (e.g.,
near the aft end of the aircraft), a similar reduction in ef-
fective boundary size is expected.

Predicted and Measured Boattail Pressures
Boattail pressure distributions predicted by the South and

Jameson model,4 using the effective solid plume (no en-
trainment) and the effective boundary (with entrainment), are
compared with the experimental data in Fig. 13. A sketch of

EXPERIMENT (REF. 24)

THEORY, NO ENTRAINMENT

.016 ———— THEORY, WITH ENTRAINMENT

EXPERIMENT (REF. 24}

THEORY, NO ENTRAINMENT

.013 ———— THEORY, WITH ENTRAINMENT

Fig. 13 Effects of jet entrainment on boattail pressure distributions
and comparison with experimental data, Me - 0.40, ke2 turbulence
model.

the boattail geometry and inviscid plume shape is also in-
dicated. Excellent agreement with the experimental pressure
distribution is obtained at both jet pressure ratios when en-
trainment effects are included, with a corresponding im-
provement in the predicted boattail drag coefficient CD/3.
While the effect of underexpansion on the inviscid plume
geometry appears relatively small (see Fig. 12), the pressure
distribution is quite sensitive to this effect, as evidenced by the
variations in Cp downstream of the nozzle exit (Fig. 13).
Including the (viscous) effect of entrainment decreases these
variations, indicating a weakening of the effective wavelike
amplitude of the inviscid plume. These limited comparisons
indicate that the entrainment model appears to provide a
reasonable representation of the boattail flowfield.

Sensitivity Studies
By varying some of the input and modeling parameters

required for entrainment calculations, the relative dependence
of the effective geometry (and hence, boattail pressures) on
these parameters can be established. Areas explored were
turbulence models and pressure gradients.

Sensitivity to Turbulence Models
By performing the calculations with both a simple (ML)

and more detailed (ke2) turbulence model, the level of
sophistication required in the turbulence modeling can be
assessed. Comparisons of the predicted effective boundary
shape for both cases studied are given in Fig. 14. In both
cases, the ML model predicts a more rapid rate of mixing (and
corresponding rate of entrainment) than the ke2 model and
thus a narrower effective plume geometry. The difference is
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Fig. 15 Effect of pressure gradient on effective plume boundary
shape, kt2 turbulence model.

substantially more pronounced in the underexpanded case
where pressure gradients exist and the shear layer edge
conditions are varying. Inviscid calculations over these
geometries, and those for other similar test cases, have in-
dicated that either the ML or ke2 model can yield a reasonable
estimate of entrainment effects for fully expanded jets, while
the ke2 model produces better results for underexpanded jets.

Sensitivity to Pressure Gradients
To'test the sensitivity of the present results to pressure

gradients, BOAT calculations (with the £e2. model) were
repeated with the pressure gradient terms in both the
momentum and energy equations set identically to zero. A
comparison of the effective plume geometry with and without
pressure gradients is shown in Fig. 15. With the pressure
gradients deleted, the entrainment effect is markedly reduced;
in fact, the effective boundary shapes are only slightly im-
proved from those obtained treating the plume interface as a
solid boundary. Clearly, the favorable near-field pressure
gradients contribute strongly to accelerating the flow in the
low-velocity mass deficit region and thus increase the overall
entrainment rate.

Concluding Remarks
1) The use of a "displacement thickness" correction to

account for the effects of jet entrainment has been demon-
strated. A computational model (BOAT) has been developed
which predicts the rate of jet entrainment via an overlaid,
parabolic procedure from which the displacement thickness
correction can be determined. Limited comparisons between
predicted and measured boattail pressure distributions have
been quite favorable, indicating that the use of the BOAT
code, in conjunction with the patched NASA/LRC system,
shows great promise as a computational approach for
predicting nozzle boattail drag. This conclusion has been
fortified by the systematic comparisons achieved in the ex-
tension of this methodology described in Ref. 16.

2) Sensitivity studies have indicated that the ke2 model,
which accounts for the turbulence "history," yields overall
results of better quality than the ML model for un-
derexpanded, variable pressure plumes. The assessment (in
BOAT) of various turbulence models at higher Mach numbers
and for reacting/high-temperature exhausts via comparisons
with a broad-based body of data (supersonic jets/shear layers,
turbulent diffusion flames, rocket exhaust plume data, etc.) is
reported in Ref. 18.

3) The pressure changes produced by the entrainment
correction suggest that the weak viscous/inviscid interaction
approach adopted for this study is adequate. The rather large
influence of pressure gradients on the entrainment rate clearly
demonstrates the inadequacy of isobaric mixing assumptions
employed in earlier modeling efforts.7 '8 Further studies are in
progress to assess the adequacy of the viscous-inviscid
coupling procedure over a wider range of operating con-
ditions, some of which are reported in Ref. 16.
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